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The instanton effects on the charmonium spectrum is discussed in the framework of nonrelativistic
potential model. The results from constituent quark model without inclusion of instanton effects
is compared with the results for ‘the potential from constituent quark model + the contribution
from the instanton liquid model’. We consider two models with the corresponding instanton po-
tentials and discuss their relevance to explanations of the origin phenomenological parameters used
in the nonrelativistic potential models. We also present the universal instanton potential in the
parametrized form which can be useful in practical calculations.
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I. INTRODUCTION
Physics of charmonia has entered a new era, since
the finding of the first narrow exotic charmonium was
reported by the Belle Collaboration [1]. Many nar-
row exotic charmonium states have been consecutively
observed [2–13] and were coined collectively the XYZ
mesons (see recent reviews [14, 15]). These new exotic
charmonium states have drawn considerable attention
(see for example the reviews in Refs. [16–21]) and also
brought about multifaceted view point on conventional
charmonium states.
Theoretically, the quantum-mechanical potential mod-
els provide an easy but very effective way of describing
the charmonum spectrum [17–19, 22, 23]. In a standard
approach there are basically two main contributions to
the heavy-quark potential for the charmonium system:
the Coulomb-like potential and the phenomenological
quark-confining one. The Coulomb-like potential origi-
nates from one-gluon exchange (OGE) between a heavy
quark (Q) and a heavy anti-quark (Q¯) [24–27], based on
perturbative quantum chromodynamics (pQCD). Note
that the static Coulmob-like potential was scrutinized
already to higher-order corrections from pQCD [28–32].
By nature of pQCD, the Coulomb-like interactions are
supposed to govern the short-range physics of the char-
monia. At large distances the strength of the Coulomb-
like interaction decreases. However, the presence of the
quark-confining potential makes the strength of the to-
tal interaction increase. This is due to the fact that any
quark inside a charmonium is ordained to be confined
in it, effects of the quark confinement [33] are necessar-
ily involved. The heavy-quark potential for the quark
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confinement can be obtained at least phenomenologically
from the Wilson loop, which rises linearly at large dis-
tances [22, 23]. On the other hand, as the quark and the
anti-quark start to recede from each other the certain
nonperturbative contributions come into play.
Recently, we examined yet another nonperturbative ef-
fects on the mass spectrum of the charmonia from the
instanton vacuum of QCD [34]. The central part of
the heavy-quark potential was already derived by Di-
akonov et al. [35], based on the instanton liquid model
for the QCD vacuum [36–38]. The spin-dependent part
of the instanton-induced potential can be easily obtained
by employing the method of Eichten and Feinberg [39].
There are two intrinsic parameters of characterizing the
instanton vacuum, i.e. the average size of the instanton
ρ and the average distance R between instantons. Their
numerical values were estimated to be ρ ≈ 0.33 fm and
R ≈ 1 fm [36, 37, 40]. However, these values are just
the approximated ones. For example, Refs. [41–43] con-
sidered 1/Nc meson-loop contributions in the light-quark
sector and found it necessarily to readjust the values of
parameters as ρ ≃ 0.35 fm and R ≃ 0.86 fm. In Ref. [34],
we scrutinized the dependence of the heavy-quark poten-
tial from the instanton vacuum. In the present work,
we combine the instanton-induced heavy-quark poten-
tial with the Coulomb-like and quark-confinement poten-
tials and investigate explicitly the instanton effects on the
mass spectrum of the charmonia.
The paper is organized as follows: In Section II, we
explain briefly the nonrelativistic heavy-quark potential
model consisting of the color Coulomb-like potential and
the linear scalar potential for quark confinement [44] and
discuss the contribution to the total heavy-quark poten-
tial from the instanton vacuum. In Section III, the Gaus-
sian expansion method for a numerical calculation will
shortly be described. In Section IV we present the re-
sults and discuss them. The final Section V is devoted
to the summary and conclusions of this work.
2II. HEAVY-QUARK POTENTIAL
The standard heavy-quark potential consists of the
four different terms, written as
VQQ¯(r) = VC(r) + VSS(r)(SQ ·SQ¯)
+ VLS(r)(L · S) (1)
+ VT (r)
[
3(SQ ·n)(SQ¯ ·n)− SQ · SQ¯
]
,
where VC , VSS , VLS and VT represent respectively the
central, spin-spin, spin-orbit and tensor parts of the
heavy-quark potential. SQ, SQ¯, and L denote the spin
operator of a heavy quark, that of a heavy anti-quark,
and the relative orbital angular momentum operator, re-
spectively. The unit vector n in three dimensional ordi-
nary space is chosen in direction of the line joining the
centers of the heavy quark and heavy anti-quark. All con-
tributions to the total QQ¯ potential can be constructed
within the framework of nonrelativistic potential ap-
proaches. As mentioned previously, the color Coulomb-
like vector potential arises from OGE between Q and
Q¯ while the linear scalar potential is constructed phe-
nomenologically from the area law of the Wilson loop [33]
for the quark confinement. We denote the corresponding
OGE vector + scalar confining potential as V (P). In ad-
dition, we introduce the nonperturbative potential V (NP)
derived from the instanton vacuum [34]. Consequently,
the heavy-quark potential in the present work is written
as
V (r) = V (P)(r) + V (NP)(r). (2)
We will compute the mass spectrum of the charmonia
based on the potential in Eq. (2). However, we want
to emphasize that we will not carry out a fine tuning to
reproduce the experimental data, since it is of greater im-
portance to understand the nonperturbative effects com-
ing from the instanton-induced potential and physical im-
plications of the parameters involved.
A. Heavy-quark potential
A nonrelativistic potential model [44] provides a min-
imal theoretical framework to describe the charmonia.
The central part of the heavy-quark potential is expressed
as
V
(P)
C (r) = κr −
4αs
3r
, (3)
where the first term expresses the linear scalar potential
for the quark confinement and the second one comes from
OGE, respectively. Here κ stands for the parameter of
the string tension, of which the numerical value can be
approximately determined by reproducing the mass spec-
trum of the charmonia. The parameter αs denotes the
running strong coupling constant of pQCD, of which the
value is theoretically well-known. We fix the scale of αs
at the mass of the charm quark. We will discuss physical
implications of these two parameters later.
The spin-dependent parts can be obtained from the
central potential (3)
V
(P)
SS (r) =
32piαs
9m2Q
δ˜σ(r), (4)
V
(P)
LS (r) =
1
2m2Q
(
4αs
r3
− κ
r
)
, (5)
V
(P)
T (r) =
4αs
m2Qr
3
, (6)
which appear from the next-to-leading order in the ex-
pansion of the heavy quark mass mQ. So, the spin-
dependent potentials are proportional to 1/m2Q, respec-
tively. In the present work, the value of the charm-quark
mass mc will be determined by including the instanton
effects. A smeared Dirac delta function δ˜σ in Eq. (4) is
written in the Gaussian form
δ˜σ(r) =
(
σ√
pi
)3
e−σ
2r2 , (7)
where σ is the smearing parameter that can be deter-
mined phenomenologically.
B. Instanton-induced potential
In addition to the potential given in Eq. (3), we intro-
duce the instanton-induced potential, which was already
derived in Refs. [34, 35]. The explicit form of the poten-
tial is expressed as
V
(NP)
C (r) =
4piρ 3
NcR4
I
(
r
ρ
)
, (8)
where Nc denotes the number of colors, ρ and R stand
for the average instanton size and average inter-instanton
distance. The dimensionless integral I(x) is given as a
function of the dimensionless variable x
I(x) =
∫ ∞
0
y2dy
∫ 1
−1
dt
{
1− cos
(
piy√
y2 + 1
)
× cos
(
pi
√
y2 + x2 + 2xyt
y2 + x2 + 2xyt+ 1
)
− y + xt√
y2 + x2 + 2xyt
sin
(
piy√
y2 + 1
)
× sin
(
pi
√
y2 + x2 + 2xyt
y2 + x2 + 2xyt+ 1
)}
. (9)
Though it is possible to compute Eq. (9) numerically
given x, it is more convenient to parametrize the inte-
gral I(x) such that one can easily make it useful for a
3practical calculation. We obtain a suitable parametriza-
tion as follows
I˜(x) = I0
[
1 +
3∑
i=1
aix
2(i−1)e−bix
2
+
a4
x
(
1− e−b4x3
) ]
, (10)
where the prefactor I0 is expressed in terms of the Bessel
functions
I0 = −2pi
3
3
(
J0(pi) +
1
pi
J1(pi)
)
(11)
and the parameters ai’s and bi’s are summarized in the
following matrix forms
a =


−1
0.10184
0.00064
−1.11267

 , b =


0.25135
0.70255
0.18625
0.04644

 . (12)
One can inspect whether the parametrized function I˜
in Eq. (10) yields the correct limiting values of the orig-
inal integral I(x) in Eq. (9) at x = 0 and x → ∞. That
is, the following relations
lim
x→0
I(x) = lim
x→0
I˜(x) = 0,
lim
x→∞
I(x) = lim
x→∞
I˜(x) = I0.
are well satisfied. At small x ≪ 1, I(x) can be analyti-
cally evaluated as
I(x) ≃ pi
2
3
[ pi
16
− J1(2pi)
]
x2
− pi
[
pi2(438 + 7pi2)
30720
+
J2(2pi)
80
]
x4
= 1.34467x2 − 0.500508x4, (13)
while the parametrization of Eq. (10) gives the result
I˜(x) ≃ I0(−a1b1 + a2 + a4b4)x2
+
I0
2
(a1b
2
1 − 2a2b2 + 2a3)x4
= 1.3316x2 − 0.452657x4. (14)
At large x, the limiting results of I(x) and I˜(x) are pro-
duced as
I(x) ≃ I0 − pi
2
2x
= 4.41625− 4.9348
x
, (15)
I˜(x) ≃ I0
(
1 +
a4
x
)
= 4.41625− 4.91384
x
, (16)
respectively. From Eqs. (13)–(16), one can see that the
corresponding coefficients of the asymptotic forms are
very close to each other.
In general, the parametrization in Eq. (10) interpolates
the numerical value of the integral I(x) with a very good
accuracy in the whole range of x. In Fig. 1, the nu-
merical result of Eq. (9) is compared with that from the
parametrization in Eq. (10). As shown in Fig. 1, they
overlap completely each other in the whole range of x.
The maximal value of a relative error is located only at
0
1
2
3
4
5
0 5 10 15 20
x
I(
x
)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
..
.
..
.
..
.
...
...
...
...
...
.....
....
......
.......
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. .
. .
. .
. .
FIG. 1. (Color online) The dimensionless integral I(x) from
the instanton vacuum. The numerical result of Eq. (9) is de-
picted as the red dashed curve whereas that of parametriza-
tion given in Eq. (10) is drawn as the blue dotted curve.
small x region and does not exceed the value
lim
x→0
I(x) − I˜(x)
I(x) = 1
− I0(b1 + a2 + a4b4)
{
pi2
3
[ pi
16
− J1(2pi)
]}−1
= 0.00972. (17)
At large values of x → ∞, the relative error decreases
according to the formula
I(x) − I˜(x)
I(x) ≈ −
0.00475
x− 1.11742 . (18)
The spin-dependent parts of the heavy-quark poten-
tial from the instanton vacuum can be obtained from the
central part according to the following formulas
V
(NP)
SS (r) =
1
3m2Q
∇2V (NP)C (r), (19)
V
(NP)
LS (r) =
1
2m2Q
1
r
dV
(NP)
C (r)
dr
, (20)
V
(NP)
T (r) =
1
3m2Q
(
1
r
dV
(NP)
C (r)
dr
− d
2V
(NP)
C (r)
dr2
)
.
(21)
Using the parametrization we introduced above, we can
compute almost all integrations for the instanton-induced
4potential analytically. The merit of the parametrization
given in Eq. (10) is not limited to the simple calculation
of the integration I(x). In fact, the instanton-induced
central potential is expressed in terms of I(x) with all
other instanton parameters factored out. It means that
I(x) can be used in the universal way for any set of the
instanton parameters. So, the spin-dependent potentials
in Eqs. (19)–(21) can be also expressed in terms of I(x)
for any heavy-quark degrees of freedom, i.e. for the char-
monia or bottomonia.
The instanton liquid model for the QCD vacuum has
two important intrinsic parameters: the average size of
the instanton ρ and the average inter-distance R between
instantons. In fact, the QQ¯ potential is sensitive to them.
Thus, we will consider three different sets of instanton
parameters by changing them in a permissible manner.
Model I (M-I) uses the original values of the instanton
parameters: ρ ≃ 0.33 fm and R ≃ 1 fm. However, ρ and
R can be changed in a different situation. For exam-
ple, Refs. [41–43] considered the 1/Nc meson-loop con-
tributions in the light-quark sector and found it neces-
sary to readjust them as ρ ≃ 0.35 fm and R ≃ 0.856 fm.
Model IIa (M-IIa) employs these values as in Ref. [34].
In lattice QCD, the instanton vacuum was simulated and
the following values were suggested: ρ ≈ 0.36 fm and
R ≈ 0.89 fm [45–48], which are almost the same as those
with the 1/Nc meson-loop corrections. Therefore, the
model with this set is referred as Model IIb (M-IIb) also
as in Ref. [34]. The parameter dependence of the po-
tential can be easily understood from the form of the
leading-order potential expressed in Eq. (8). While the
prefactor ρ3/R4Nc, which includes both the parameters,
governs the overall strength of the potential, its range is
dictated only by the average instanton size ρ through the
dimensionless integral I(r/ρ).
III. NUMERICAL METHOD
In order to evaluate the bound states in the spectrum
of the quarkonia, we have to solve the Schro¨dinger equa-
tion [52]
(Hˆ − E)|ΨJJ3〉 = 0, (22)
where Hˆ is the Hamiltonian operator and |ΨJJ3〉 repre-
sents the corresponding state vector with the total angu-
lar momentum J and its third component J3. The pro-
jection of the state vector 〈r|ΨJJ3〉 will reproduce the
representation of the Hamiltonian in coordinate space
Hˆ(r) = − ~
2
mQ
∇2 + VQQ¯(r), (23)
where µQ arises from the reduced mass of the quarkonium
system. The matrix elements of the QQ¯ potential in
the standard basis |2S+1LJ〉, which is given in terms of
the total spin S, the orbital angular momentum L, and
the total angular momentum J satisfying the relation
J = L+ S, are obtained as
VQQ¯(r) = 〈2S+1LJ |VQQ¯(r)|2S+1LJ〉
= V (r) +
[
1
2
S(S + 1)− 3
4
]
VSS(r)
+ 〈L · S〉VLS(r) + 〈ΩT 〉VT (r). (24)
Here the matrix element of the tensor operator is ob-
tained to be
〈ΩT 〉 = S(S + 1)L(L+ 1)
3(2L− 1)(2L+ 3)
− 2〈L · S〉 [2〈L · S〉+ 1]
4(2L− 1)(2L+ 3) (25)
and 〈L · S〉 is given by expression
〈L · S〉 = 1
2
[J(J + 1)− L(L+ 1)− S(S + 1)] .
(26)
The corresponding radial part of the wave function for
a given orbital angular momentum L is a solution of the
Schro¨dinger equation(
− ~
2
mQ
∇2 + VQQ¯(r) − E
)
ψLL3(r) = 0, (27)
where an angular part of the wave function ψLL3(r) is
represented in terms of the spherical harmonics YLL3(rˆ).
In order to solve Eq. (27) numerically, we will follow the
Gaussian expansion method (see review [49]). Firstly, we
expand the state vector |ψLL3〉 in terms of a set of basis
vectors {|φnLL3〉; n = 1, 2, . . . , nmax} as
|ψLL3〉 =
nmax∑
n=1
C(L)n |φnLL3〉. (28)
Secondly, we express the basis wave functions in the
spherical coordinates
φnLL3(r) = φ
G
nL(r)YLL3(rˆ). (29)
The radial part of wave function is expressed in terms of
the Gauss functions
φGnL(r) =
(
22L+7/2r−2L−3n√
pi(2L+ 1)!!
)1/2
rLe−(r/rn)
2
, (30)
where rn are variational parameters. One should note
that the set of the wave functions {φnLL3(r);n =
1, 2, . . . , nmax} are properly normalized while they do not
need to satisfy the orthogonality condition, i.e. they con-
sist of a non-orthogonal basis. To obtain high accuracy
by using the expansion in Eq. (28) one should optimize
the set of variational parameters {rn;n = 1, 2, . . . , nmax}.
We follow an optimization discussed in Ref. [49] and ex-
press the variational parameters by using a geometric
progression
rn = r1a
n−1, n = 1, 2, . . . , nmax. (31)
5Thus, the number of variational parameters is reduced
down to three, i.e. {r1, a, nmax} or {r1, rmax, nmax}.
The expansion coefficients C
(L)
n in Eq. (28) and
the eigenenergy E are determined by employing the
Rayleigh-Ritz variational principle. This leads to a gen-
eralized matrix eigenvalue problem
nmax∑
n=1
(
K(L)mn + V
(L)
mn − EN (L)mn
)
C(L)n = 0, (32)
m = 1, 2, . . . , nmax,
where the matrix elements of the corresponding kinetic
and potential energies are obtained by
T (L)mn = 〈φmLL3
∣∣∣∣ pˆ2mQ
∣∣∣∣φnLL3〉 = ~2(2L+ 1)mQ(r2m + r2n) N (L)mn , (33)
V (L)mn = 〈φmLL3 |VQQ¯(r)|φnLL3 〉 =
22L+7/2√
pi(2L+ 1)!! (rmrn)L+3/2
∫ ∞
0
r2(L+1) exp
{
−r
2(r2m + r
2
n)
r2mr
2
n
}
VQQ¯(r)dr, (34)
N (L)mn = 〈φmLL3 |φnLL3〉 =
(
2rmrn
r2m + r
2
n
)L+3/2
. (35)
Because of Eq. (31), the overlap matrix element be-
tween the nearest neighborhoods
N
(L)
n+1,n =
(
2
1 + a2
)L+3/2
(36)
is a constant that is independent of n. This is one of the
reasons why the expansion works very well. In a practical
calculation a > 1 and for the farthest neighborhoods (|n−
m| = k ≫ 1) an orthogonality is approximately satisfied,
i.e. the corresponding overlap matrix element becomes
small, N
(L)
mn ∼ 2a−k−2.
IV. RESULTS AND DISCUSSIONS
In the present work, we set up three different mod-
els, depending on how to fix the numerical values of the
relevant parameters. The first model is merely a nonrel-
ativistic potential model based only on the Coulomb-like
potential and the linear scalar one [44] without any con-
tributions from the instanton vacuum. We will call it
model without instantons (MWOI) and list the corre-
sponding set of parameters in Table I. We do not intend
TABLE I. Parameters corresponding to each model. MWOI
represents the model without any instanton contributions,
whereas M-I and M-IIb contain them as explained in Ref. [34].
The ρ R ∆mI αs κ σ
model [fm] [fm] [GeV] [GeV] [GeV2] [GeV]
MWOI - - - 0.2068 0.1746 5.0248
M-I 0.33 1.00 0.0676 0.3447 0.1520 0.9331
M-IIb 0.36 0.89 0.1357 0.4588 0.1279 0.5650
to carry out any fine tuning to the experimental data but
we concentrate on nonperturbative physics as to how the
instanton-induced potentials have an effect on the char-
monium spectrum. We also discuss physical implications
of the parameters involved in the present model, includ-
ing both the instanton parameters and other ones such
as mQ, κ and αs. For example, while the charm-quark
mass mc is often treated as a free parameter, we will not
consider it as a free parameter. Once the instanton ef-
fects are taken in to account, mc appears as a sum of
the current quark mass mcurrentc = 1.275GeV and the
dynamical contribution to the mass arising from the in-
stanton vacuum, ∆mI, i.e. mQ = m
current
c + ∆mI (see
detailed discussions in Refs. [34, 35, 53]). The remaining
three parameters αs, κ and σ will be fitted to experi-
mentally known masses of six charmonia that are taken
from the S-wave ones. By doing that, we fix the parame-
ters appearing in the central part of the potentials, while
those of the spin-dependent parts are automatically de-
termined. Note again that the charm-quark mass is not
a free parameter. So, the spin-orbit and tensor poten-
tials must come out naturally as in Eq. (5) and Eq. (20).
We list the numerical values of all the parameters corre-
sponding to each model in Table I, which were fixed as
explained above.
In Table II, we present the results of each model in
comparison with the experimental data [50] listed in the
last column. The masses of the six S-wave charmonia
are used as input, as noted in the second column. As
shown from the results of the MWOI listed in the third
column of Table II, the results on the masses of the S-
wave charmonia are somewhat deviated from the exper-
imental data. If one had released the charm-quark mass
to be a mere free parameter, we would have described
the experimental data very well. For example, various
potential models adopt larger values of mc than in the
present work, since they yield better results, compared
6TABLE II. Results on the masses of the cc¯ states, given in unit
of MeV. The second column denotes explicitly those of the S-
wave charmonia used as input to fix the parameters (αs, κ and
σ) for each model. The third column lists the results from the
original potential without the instanton-induced potentials,
where as the fourth and fifth column show those from Model I
and Model IIb, respectively.
State Input MWOI M-I M-IIb Exp. [50]
J/ψ(13S1) 3097 3084 3094 3096 3096.900 ± 0.006
ηc(1
1S0) 2983 3027 2998 2983 2983.9 ± 0.5
ψ(23S1) 3686 3635 3656 3675 3686.097 ± 0.025
ηc(2
1S0) 3640 3590 3615 3638 3637.6 ± 1.2
ψ(33S1) 4040 4067 4069 4071 4039 ± 1
ηc(3
1S0) 4026 4041 4047
ψ(43S1) 4415 4443 4422 4398 4421 ± 4
ηc(4
1S0) 4405 4400 4379
χc2(1
3P2) 3428 3607 3740 3556.17 ± 0.07
χc1(1
3P1) 3437 3589 3715 3510.67 ± 0.05
χc0(1
3P0) 3415 3551 3673 3414.71 ± 0.30
hc(1
1P1) 3430 3599 3727 3525.38 ± 0.11
χc2(2
3P2) 3888 4039 4138 3927.2 ± 2.6
χc1(2
3P1) 3890 4030 4125
χc0(2
3P0) 3866 4006 4098 3862
+26+40
−32−13
hc(2
1P1) 3887 4039 4134
χc2(3
3P2) 4281 4414 4466
χc1(3
3P1) 4280 4394 4455
χc0(3
3P0) 4256 4375 4436
hc(3
1P1) 4278 4402 4463
ψ3(1
3D3) 3692 3830 3929
ψ2(1
3D2) 3718 3836 3927 3822.2 ± 1.2
ψ(13D1) 3730 3830 3914 3778.1 ± 1.2
ηc2(1
1D2) 3708 3837 3930
ψ3(2
3D3) 4104 4238 4311
ψ2(2
3D2) 4124 4242 4310
ψ(23D1) 4131 4241 4303 4191 ± 5
ηc2(2
1D2) 4116 4245 4314
to the experimental data. However, such a fitting pro-
cedure would obscure the physical meaning of the quark
mass mQ. We want to emphasize that the heavy-quark
mass itself is a physical and dynamical quantity that can
be also influenced by both perturbative and nonpertur-
bative interactions. Thus, one needs to analyze carefully
the effects of the charm-quark mass on a relevant phys-
ical system. In fact, the quarkonia provides a system
appropriate for scrutinizing the physical implications of
the charm-quark mass. In particular, the effects from
the instanton vacuum put us on the right track. Using
mc with the instanton contribution added, we are able to
fit better the three parameters to the masses of the six
S-wave charmonia.
In the instanton liquid model of the QCD vacuum,
one can estimate the instanton contribution to the cur-
rent quark mass. In the light-quark systems, the gener-
ation of the mass is fully dynamical, so that almost all
the constitutent quark mass originiates from the sponta-
neous breaking of chiral symmetry. When it comes to the
heavy-quark systems, one needs also to consider them,
though the nonperturbative effects are not as much sig-
nificant as in the case of the light hadrons. In Table I,
the explicit values of ∆mI due to the instanton effects are
presented for each model. The strength of the instanton
effects depends on the instanton density n ∼ (ρ/R)4 and
the acquired mass ∆mI is proportional to it (compare
the value in M-I with that in M-IIb, listed in Table I).
The results of calculations presented in Table II show
that M-I describes the mass spectrum of the charmonia
quite well even up to the D-wave charmonia. In par-
ticular, the mass of the D-wave charmonium ψ2(1
3D2)
is much improved by the instanton effects in M-I. On
the other hand and although it gives better fit to S-wave
states, M-IIb does not show any improvement in compar-
ison with the MWOI as related to ψ2(1
3D2). It indicates
that the original values of the instanton parameters ρ and
R yield the better results, which are in fact expected.
Those values employed in M-IIb were determined when
the 1/Nc meson-loop corrections are involved, which is
not the case of the present work.
Another important issue lies in the running strong
coupling constant αs. Since the Coulomb-like potential
arises from OGE in pQCD, the value of αs(µ) should be
taken from pQCD at a proper scale related to the charmo-
nia. In fact, the static Coulomb potential was extensively
studied within the framework of pQCD, higher-order cor-
rections being even taken into account [28–32]. However,
a fitted value of αs was used in many models because it
is simpler and phenomenologically more favorable than
that from pQCD. At the one-loop level it is given by
expression
αs(µ) =
4pi
β0
1
ln
(
µ2/Λ2QCD
) , (37)
where the β function at the one-loop level is equal to be
β0 = (11Nc − 2Nf)/3. The dimensionful parameter of
QCD is given as ΛQCD = 0.217GeV [50] and µ stands
for a specific scale at which the value of αs is evaluated.
It is usual to take µ ≈ mc for the charmonia.
The value of αs at the one-loop level can be easily
computed by using Eq. (37), once a proper scale µ is
given. Considering the fact that MWOI, M-I and M-
IIb have different charm-quark masses, we can calcu-
late the value of αs corresponding to a specific model
by using the charm-quark mass of the model as its in-
trinsic scale. The results for M-I and M-IIb are ob-
tained respectively as αs(µ = 1.343GeV) = 0.4137 and
αs(µ = 1.411GeV) = 0.4029, which are slightly larger
or smaller than the corresponding fitted values listed in
Table I, respectively. On the other hand, the value of αs
for MWOI turns out to be αs(µ = 1.275GeV) = 0.4258,
which is approximately two times larger than the fitted
value 0.2068. This comparison already demonstrates that
in the presence of the instanton-induced interaction one
is allowed to use a more physical strong coupling constant
7for the Coulomb-like potential, based firmly on pertur-
bative QCD.
The origin of the confining scalar potential is not much
known theoretically and the string tension κ is considered
as a phenomenological parameter, though it can be re-
lated to Regge trajectories within some models [54]. The
parameter κ was often determined by the charmonium
spectrum together with the effective strong coupling con-
stant [23, 52, 54] and the numerical value of κ is known
approximately to be κ ≈ 0.18GeV2 (see a review [54]).
In the present work, we fix it to be 0.175GeV2 for the
MWOI, which is very close to the above-given value.
However, once we introduce the instanton-induced po-
tential, we have to use smaller values of κ, because the
central part of instanton-induced potential has almost a
linearly rising behavior and then is saturated as the inter-
distance of the quarks increases [34, 35]. It means that
the instanton effects reduce the strength of the linear
scalar potential. In other words, the instanton-induced
interactions contribute partially to the confining poten-
tial in a general form
Vconf(r) = const. + κr + possible nonlinear terms.
(38)
For example, the leading order contribution from instan-
tons in Eq. (8) to the total QQ¯ potential at small dis-
tances can be treated as a nonlinear corrections to the
linearly raising potential. In this context, the instanton
induced potential at large distances (4piρ3/NcR
4)I0 has
a meaning of partial contribution to the constant part of
confining potential in Eq. (38).
Finally, we discuss the smearing parameter σ that was
introduced to avoid the singular behavior of the point-
like spin-spin interactions. Its value gets smaller if the
instanton-induced potentials are included. Note that
the point-like interaction is actually an artifact of an
O(v2q/c2) expansion of the T -matrix [51]. Introducing
the instanton-induced potential 1, one can partially solve
the divergence problem that arises from the singular spin-
spin interactions.
V. SUMMARY AND OUTLOOK
In the present work, we aimed at investigating the in-
stanton effects on the charmonium mass spectrum, based
on a nonrelativistic potential model. Though we fixed
the relevant parameters by using the masses of the six
S-wave charmonia, we did not intend to carry out the
fine-tuning of the parameters. The results showed that
the instanton-induced potentials improved the mass spec-
trum with the original values of the average size of the
instanton and the average inter-distance between instan-
tons. We discussed also the physical implications of the
parameters such as the charm-quark mass, the running
strong coupling constant, the string tension, and the
smearing factor. The instanton-induced potentials en-
able one to understand more clearly these physical pa-
rameters.
Though we considered certain nonperturbative contri-
butions to the mass spectrum of the charmonia from
the instanton vacuum, we still need to take into account
yet additional effects from the instantons. Recently, it
was shown that the instanton effects or the screening ef-
fects in the Coulomb-like potential of one-gluon exchange
will appear due to gluon propagation in instanton me-
dia [55]. Since the gluon is screened by the instanton ef-
fects and as a result it acquires an effective mass, we have
in addition a Yukawa-type potential between the heavy
quark and heavy anti-quark. One needs to examine how
this screened potential may influence the charmonium
masses.
Another interesting issue is related to strong decays of
excited charmonia, which involve the pions. Since the
pion is the pseudo-Goldstone boson that appears from
the spontaneous breakdown of chiral symmetry, the in-
stanton effects will come into critical play in describing
these decay processes. Related works are under way.
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1 Note that the spin-dependent parts of the instanton-induced po-
tentials are regular.
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